The purpose of this article is to calculate the generalized nonlocal conductivity tensor of a spherical particle made of isotropic and linear materials. The generalized conductivity tensor is a crucial element in the formulation of the mean-field theories of the electromagnetic response of random particulate systems. This is equivalent to what is called the T-Matrix in multiple scattering theories. Here, a new method is proposed for finding explicit expressions for this tensor directly from its definition including the magnetic response of the spheres. Its relation with the -Matrix in the theory of single scattering is stated as a generalization. Several approximations and limit cases of possible interest in specific systems are analyzed and the results of some calculations are presented as a numerical example.
Introduction
In a previous paper [1] , a reference was made to the generalized nonlocal conductivity tensor, as the main physical concept in the development of a formalism for the calculation of the effective bulk electromagnetic response of randomly located discrete scatterers such as turbid colloids. This approach was later extended to the calculation of the reflection and transmission amplitudes of the average electric field of colloidal suspensions confined in a half-space [2] . The generalized conductivity tensor continued to play a major role in the framework of the theoretical description [3] . Colloidal systems are defined as two-phase systems in which a sparse phase is immersed within a continuous one [4] . While the continuous phase is usually called the matrix, the sparse phase is said to be composed of colloidal particles. When an external electromagnetic field is incident upon a colloidal system, it induces currents within the randomly located colloidal particles and these currents radiate electromagnetic fields which act back upon the particles themselves. The total electromagnetic field conformed in this way can be split into two components, an average component with a smooth spatial variation and traveling in a definite direction, called the coherent beam, and a fluctuating component with abrupt spatial variations and traveling in all different directions, called the diffuse field.
The work cited above [2] , related to the reflection and transmission amplitudes from colloidal suspensions, dealt with the reflection and transmission amplitudes of the coherent beam for a system of randomly located identical spheres, within a homogeneous matrix with a flat interface occupying a half-space. The procedure devised for this calculation involved the solution of an integral equation posed in terms of the generalized nonlocal conductivity tensor of an isolated sphere and valid for a low concentration of spheres. Also, it has been pointed out that this integral equation for the 2 Mathematical Problems in Engineering average electric field is analogous to the one used in multiplescattering-theory (MST), to solve similar problems. The integral equation in MST is usually written in terms of the socalled T-matrix operator, whose calculation for the case of an isolated sphere has already been performed [5] by solving the integral equation obeyed by this operator. Since a wide variety of systems are usually modeled as a collection of spheres, the calculation of the T-matrix for an isolated sphere becomes a necessary ingredient in this type of calculations.
Here, we first recall that the T-matrix operator and the generalized nonlocal conductivity tensor are actually proportional to each other [1] obeying, essentially, the same integral equation. Then, we propose a quite straightforward procedure to calculate the generalized nonlocal conductivity tensor of an isolated sphere, making use of its physical interpretation. Instead of solving the integral equation, our procedure is based on a Mie-type scattering boundary-value problem in the presence of external currents, yielding closedform expressions for all the components of the generalized nonlocal conductivity tensor, or, equivalently, the T-matrix operator. We consider the sphere to be characterized by both, a local electric permittivity and a local magnetic permeability. Therefore, the method described here poses an alternative to the calculation of the T-matrix operator, by simply finding the induced current inside a sphere given an arbitrary external electric field, yielding attractive closedform expressions for its components. Finally, we want to point out that although the components of the T-matrix operator have been already calculated for the case of a sphere with no intrinsic magnetic response [5] , here we provide new closedform expressions for these components for the more general case of a sphere with an intrinsic magnetic local permeability different from the one of its surroundings, yielding, besides a bulk contribution, also a surface contribution coming from induced surface currents. It is also important to notice that all this is possible due, essentially, to the simplicity of the calculation procedure proposed here.
Basic Concepts
The nonlocal conductivity tensor of an isolated sphere is defined as the linear response of the internal induced current to an external electric field; in its most general form it can be written as
where the dependence on the frequency on a given quantity denotes the -component of the corresponding time Fourier transform. Here, → is the total internal induced current, ← → is the generalized nonlocal conductivity tensor, and → is the external electric field; it could also be called the exciting field. The term generalized means that in → all internal induced currents are included, even those that give rise to a magnetic response. In this sense Eq. (1) can be regarded as a generalized nonlocal Ohm's law.
The total internal induced current → can be calculated, also, by using the local relationship
where
where is the radius of the sphere, ( ) is its bulk local conductivity, and is the internal electric field, that is, the electric field within the sphere. But the electric field at any point → is given by → ( → ; ) = → ( → ; )
Here is the volume of the sphere and also
is the free Green's function dyadic, 0 = / , and
Therefore, when one uses Eq. (2) to iterate Eq. (4), one can find the equation for ← → , as defined by Eq. (1). First, since equation Eq. (4) also holds inside the sphere | → | < , then, if we multiply Eq. (4) by , we obtain → ( → ; )
Substituting now Eq. (1) into Eq. (7), we have that
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By interchanging the order of integration and comparing the terms within the 3 integral, we find
Now, we recall the definition of the T-matrix through the following integral relation [6, Eq. 10.4.2]:
Here → corresponds to the external field within the sphere. → is the electric field scattered by the sphere for | → | > . 
This relation is valid for | → | ≤ and | → | ≤ . Therefore, the calculation of all the components of ← → can be performed by solving the integral equation given in Eq. (9) . This procedure has been already followed for the corresponding integral equation for T-matrix operator [5] . It is pertinent to point out that the definition of the Tmatrix operator is given, sometimes, as the linear integral relationship between the scattered field and the external field [5] . In this case the Green's function dyadic is incorporated in the definition of the T-matrix operator; thus its relationship with the generalized nonlocal conductivity has to be modified correspondingly.
Calculation Procedure
Here we propose an alternative and simple way to evaluate the components of the nonlocal generalized conductivity tensor ← → for a sphere, by taking advantage of its physical interpretation. This means that one has only to calculate the current density induced within the sphere by an arbitrary external electric field. In order to see how this is done, let us start by assuming that all the fields are in the frequency domain. Now we consider that an external electromagnetic plane wave is incident upon the sphere, and we write its electric field as → =̂→
where → is the wave vector,̂is a unit vector along the direction of polarization, and we are assuming a unit amplitude. Then, according to Eq. (1), the current density → induced within the sphere by this external plane wave is given by
wherêas an argument in → recalls the polarization of the external electric field. Now, we define the Fourier transform pair of ← → as
And by taking the Fourier transform in Eq. (13), one can write
Finally, the component of the above equation becomes
This means that the component of the nonlocal generalized conductivity tensor ← → ( → , → ) has a straightforward physical interpretation: it is equal to the component of the → Fourier transform of the current density induced within the sphere by an electromagnetic plane wave with wavevector → and polarization̂.
But the induced current → can be written in terms of the polarization and magnetization material fields, → and → , as
and
Here and refer to the local electric permittivity and the local magnetic permeability of the sphere which are assumed to respond locally and linearly to the electric and magnetic (20) into Eq. (18), the induced current density can be written as
where → and → are the electric and magnetic fields inside the sphere and the last term, on the right-hand side, corresponds to an induced surface current. Therefore, the induced current within the sphere is completely determined by the values of the internal electric and magnetic fields, and the calculation of → is reduced to the calculation of → and → .
This means that the calculation of all the components ( → , → ) can be set as a scattering problem, that is, as the problem of calculating the scattered and internal electromagnetic fields induced by an electromagnetic plane wave incident upon a sphere, for three different polarizationŝ of the incident plane wave. This problem is very similar to the classical problem of the scattering of a plane wave by a sphere, solved first by Gustav Mie in 1908 [7] . The main difference between this problem and the classical Mie solution is that here the wave vector → and the wave frequency of the incident plane wave are independent of each other, while, in the problem solved by Mie, the incident plane wave is a self-propagating wave whose wave vector and frequency are related through the dispersion relation of the medium surrounding the sphere. This also means that here the incident plane wave has to be generated by external currents capable of fixing its wavevector → to any given value.
For example, if̂are chosen as the cartesian unit vectors and the sphere is immersed in a medium with permittivity 0 and permeability 0 , then the external electric field → must satisfy the Maxwell's equations
where one includes as a source the external current → .
Thus, the external electric field satisfies the vectorial equation
and the source → is chosen in order to obtain the desired external electric field, say, a plane wavêpropagating along the axis, with polarization̂taking each one of the polarizations {̂,̂,̂}. It can be shown that in this case →
as it could be verified by direct substitution. Note that in order to solve this problem in its most general way one has to accept the presence of longitudinal currents that will give rise to an external field with a longitudinal component. Nevertheless, the calculation procedure of the scattered and internal fields follows the standard mathematical process by first expanding the electromagnetic fields on a spherical basis and then setting boundary conditions both at infinity and on the surface of the sphere.
Spherical Basis and Boundary Conditions
The purpose of this section is to solve Maxwell's equations for a sphere of radius located at the origin, and with the external currents → given by Eqs. (25)- (27). We start by writing Maxwell's equations as
where we have assumed, as above, that all fields have an oscillatory time dependence − , and
Thus we start by expanding the external plane wave in a vector spherical harmonic basis; that is, we writê,̂,î n the functional basis [8, p. 23]
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where is the wave number associated to the wave equation that satisfies the vector spherical harmonics
for → , → , → , → , and
for → , → . Here are the associated Legendre polynomials as defined in [9, p. 437] and denote either one of spherical Bessel functions:
It can be shown by using the orthogonality property of the vector spherical harmonics that the expansion of a plane wave for the three different polarizations {̂,̂,̂} in a vector spherical harmonic basis is given by [10] [pg. 420, Eq.
where the second variable in the argument of → denotes the polarization. The magnetic fields are calculated with Faraday's law
We include the result in Appendix A, in Eqs. (A.1), (A.2), and (A.3). Now, we proceed to solve the scattering problem by assuming that the electric field outside the sphere is the incident external electric field → plus a scattered electric field → , while inside the sphere is → , and they must obey the electromagnetic boundary conditions at the surface of the sphere. Inside the sphere, the electric field → must fulfill the inhomogeneous vectorial wave equation given by Eq. (28), whose solution is the sum of the homogeneous equation, expressed as an expansion of vector spherical harmonics, plus a particular solution
which can be written in terms of the external field → . Here Therefore, the electric field induced inside a sphere with radius can be written as
where the coefficients , , are determined by the boundary conditions. The corresponding magnetic field is given by Eqs. (A.7), (A.8), and (A.9), where the magnetic field → is given by (A.1)-(A.2), for the three different polarizations of the external electric field → . We now assume that the scattered field can be written as Mathematical Problems in Engineering
where the index (3) indicates that the functional dependence of the vector spherical harmonics is through the spherical Hankel function ℎ ( 0 ). The scattered magnetic field is a consequence of Faraday's law and is given by Eqs. (A.10), (A.11), and (A.12) in Appendix A. Now we apply the boundary conditions for the electromagnetic field that consist in the continuity of the parallel component, of both the electric and magnetic fields, at the surface of the sphere = . In a spherical basis these boundary conditions can be written as
The first set of boundary conditions given in Eqs. (52) yields the following expressions for the expansion coefficients:
The second set of boundary conditions given in Eqs. (53) yields, for an external electric field of the form̂, the following expressions for the expansion coefficients of the scattered field in Eq. (51) and the internal electric field in Eq. (48):
( , 0 , )
Once the internal electric field has been calculated, we are able to calculate the current density → induced within the sphere with the aid of Eq. (21) that we rewrite as
where → is given in Eqs. (A.7)-(A.9) for each polarization of the external electric field.
The Induced Current
Now one substitutes the internal electric field for each polarization, as given in Eqs. (46), (47), and (48), into equation (62), to arrive at the following result. The induced current inside the sphere for each polarization {̂,̂,̂} of the incident field with arbitrary wave vector → is
where , , are given by
This result allows us to express the conductivity tensor in a mixed Fourier representation as
and one must remember that the amplitude of the incident plane wave has been taken as unity. 
Fourier Transform of the
Then, the vector spherical harmonics can be written as
and we recall that in our notation
Next, it can be shown [8, p. 28 ] that the functions (72), (73), and (74) satisfy the following integral relations:
→ ( , , )
wherê⋅̂= sin sin cos ( − ) + cos cos , 
Here we have written → ⋅ → = (̂⋅̂) separating the directional dependence from the magnitude. Also here indicates that the integration volume is the volume of a sphere of radius , and we have used the spherical basis { , , } for evaluating the integrals. In this basis, → = sin coŝ+ sin sin̂+ coŝ, where {̂,̂,̂} is the vector basis in which the spherical harmonics were defined, and̂is chosen along the wave vector → of the incident plane wave. Now we use Eqs. (82) and (75) to get
Thus, one can finally write → ( , , )
where the argument of the function indicates the corresponding Fourier space, , , , which are the spherical coordinates in the Fourier space. Also we have defined
Therefore, using this result, the Fourier transform of → and → can be written as → ( , , )
Furthermore, it can also be shown [1] that the integral , ( , , 2) in Eq. (87) can be readily evaluated to yield
One can also calculate the Fourier transform of → using Eq.
(76) and the same procedure as above. After some algebraic simplifications, one can write
→ ( , , ) = 4
where we have defined
and 2 ( , , ) ≡ 1
In fact it is possible to evaluate 2 , defined in Eq. (95), in closed form, as it will be seen later on. It turns out to be given by
Mathematical Problems in Engineering 9 wherẽ( , ),̃( , ) are the coefficients in the result (54), (57) calculated without magnetic response, i.e., = 0 . Finally we need the Fourier transform of , which in our coordinate system, where the axis coincides with the propagation direction → , could be written as
, and it is given bŷ→
Herêindicates the Fourier transform operator. As particular case, if | → | = | → | = 0 and is the angle between them, this implies that | → − → | = 2 0 sin( /2) and the former expression can be written as
Results
With these expressions it is now possible to calculate the Fourier transform of each vector spherical harmonic and each plane wave that appear in the expressions for the internal induced current given in Eqs. (63), (64), and (65). We split the nonlocal conductivity tensor as
where ← → corresponds to the conductivity associated to the induced currents in Eqs. (63), (64), and (65) located in the bulk of the sphere while ← → Σ corresponds to the conductivity associated to the induced currents located at the surface of the sphere, that is, the term with ( − ).
Nonlocal Conductivity Tensor.
Finally, using Eq. (16) we arrive at the main results of this work. 
Bulk Contribution
where , , are given by Eqs. (66), (67), and (68). We must remember that the basis {̂,̂,̂} is such thatĉ oincide with the → direction. The angles , are the spherical coordinates of → with respect to → ; see Figure 1 . Now we include the surface magnetization currents induced upon the sphere; for this we must include the contribution of the surface term (62) and take its Fourier transform.
Because the surface term (62) includes a Dirac delta for = , then the Fourier transform with variable → for the surface term is
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The field → is given by (A.7)-(A.9), and by the fact that the vector spherical harmonics can be expressed in terms of the functions → , → , → by the expression
→ ( , , ) = ( + 1) ( )→ ( , )
Also we have that
and by (82), (83) we get that
With all this we have the next result. The surface term given by (62) associated to the surface current and by the application of the integration formulas (82)-(83) we find that its Fourier transform, when we consider that the external electric field has a unitary amplitude, gives the part of the nonlocal conductivity tensor associated to these surface currents; consider the following.
Surface Contribution
Therefore, we have arrived to the main result of our work, the complete nonlocal generalized conductivity tensor written as the addition of the bulk conductivity and the surface conductivity
We must remember that the base {̂,̂,̂} is such that vector coincides with the direction → , and in this basis the nonlocal conductivity tensor only has five nonzero components; the rest are zero.
Some Special Cases

Nonlocal Conductivity When | → | = | → | = 0 and Its
Relation with the S Matrix. In this section we explore an approximation that we call the cone-light approximation and that corresponds to the case when | → | = | → | = 0 ; this means that the magnitudes of the wave vectors → and → are equal to the wave number in vacuum. This is the most used form of the nonlocal conductivity tensor when related to the scattering S-matrix [11] . We will see that this substitution corresponds to the problem of calculating the scatter field in the far field region. To make the relationship with the S matrix when the magnitudes of → and → are 0 , we will denote → as → and → as → , the wavevectors of the incident and scattered waves, respectively. However, we must remark that the treatment that follows is the most general, going beyond the so-called Mie theory since, even though | | = | | = 0 , we still allow for incident and scattered waves with longitudinal components. As discussed previously, supporting longitudinal waves requires the existence of external currents.
The electric field scatter by a sphere due to the presence of an incident plane wave is given, in the far field region as in [12, p. 63] :
where ← → ( , ) is the scattering matrix, is the angle between the incident wave vector and the observation position, 0 is the incident electric field amplitude, and̂is its polarization. The scattered field by an isolated sphere, in terms of the induced current inside the sphere (1), is of the form 
∇∇)
Substituting this expression in (118) and considering that | → | >> 0, then
where → = 0̂, and̂is the radial unitary vector. Using this far-field approximation, the electric field can be written as
With these considerations and to order (1/ ) the electric field is written as
In addition, it is possible to get the expression for the electric field in the far-field region, when the incident wave is a plane wave propagating at vacuum from (49); if we make = 0 , thus the scatter electric field for each polarization̂,̂,̂of the incident wave is → ( → ;̂)
where the second variable of → ( → ;̂) indicates the polarization of the incident wave, 0 is the vacuum wave number, the index (3) indicates that the radial part is given by the Hankel's functions, and we have taken as unitary the amplitude of the incident wave. Here Eqs. (123) and (124) are exactly the Mie solution of the transverse scattered waves by a sphere due to an incident transverse wave, where the connection with the Mie theory is made evident [7] . With respect to the electric field in (125), this kind of scatter field requires the existence of an external current given by (27) with | → | = 0 . This response of the scattered field in the radial and transversal components of the sphere when excited by a longitudinal electromagnetic mode and the mixing with the transversal radiated field will be important in the formulation of effective field theories of many sphere scatterers, because the exciting field in a manysphere system could have in effect a longitudinal component [1] . This opens the possibility of having longitudinal modes of electromagnetic radiation and needs the design of some experiment for its verification. The expressions for the Hankel functions and the vector spherical harmonic are given in Appendix B (B.1)-(B.8).
Substituting these expressions in Eqs. (49) and (50) one finds that the electric scattered field to order (1/ ) is given by
where we have defined the scattering functions as
12
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(131) is a new term in the conventional S-matrix theory and comes from the fact that the sphere is excited by a longitudinal electric field. In addition, using the fact that lim →0 ( / ) 0 (cos ) = 0 we have that
and since that lim →0 ( 1 (cos )/sin ) = lim →0 ( / ) 1 (cos ) = −(1/2) ( + 1), this implies
where we compare these results with the expression for the electric field in the far-field region, Eq. (122), and choose → , such that its azimuthal coordinate is zero, which is equivalent to taking = /2; we obtain [13] 
where , , and are given in Eqs. (129)- (131), and
7.2. Rayleigh Approximation. This approximation corresponds to the small-particle limit; to find out this limit, we truncate the Taylor's series expansion for the radial dependence at the first term and we will suppose that 0 , , , are small quantities ≪ 1; the details can be found in Appendix E, so that we have the following.
In the same way, using the former approximations, we can find expressions in the small-particle limit for the nonlocal conductivity tensor for the sphere when → ‖ = → ‖ and is the angle between → and → :
and recalling that̂= sin̂+ coŝ(142)
we get for much smaller than the wavelength associated to the wave vectors and , and = 0 :
Also we have that the small-particle limit for ̸ = 0 yields
Some Numerical Results
In this section we present the polar plots for the scattering functions (129)- (131) and (137)- (138) (137) and (138) are the scatter field of the transversal field in the radial direction and the scatter field in the radial direction produced by a longitudinal unitary wave. These graphics serve the purpose of verification of the nonlocal conductivity, by yielding the scatter matrix elements, but additionally including longitudinal excitations and looking for the radial component of the electric scattered field. Now we present the polar plots for the different scattering functions for a spherical particle for a sphere with radius = (1/3) , at a wavelength of = 0.63 . In Figure 4 (137) and (138) for a magnetic particle / 0 = 1, 10, 100 and / 0 = 2,6 are the scatter fields of transversal field in the radial direction and the scatter field in the radial direction produced by a longitudinal unitary wave. These graphics serve the purpose of testing the nonlocal conductivity, by yielding the scatter matrix elements, but additionally including longitudinal excitations radiating radially and even transversally also.
We observe that the influence of the magnetic permeability and electric permittivity is that of changing the weights in the harmonic expansion of the scattered electric field; therefore we can have different scattering patterns by adjusting the magnetic permeability and electric permittivity.
Summary and Conclusions
In this paper we derived closed-form expressions for the nonlocal generalized conductivity tensor at frequency of a spherical particle with local permittivity and permeability different from those of its surroundings, all within the context of Maxwell's equations. This tensor is proportional to the Tmatrix operator at frequency used in multiple scattering theories by many authors. The derivation of our expressions is straightforward from the definition of the generalized conductivity tensor, and, thus, we believe it is a more physically transparent calculation. Additionally, our results go beyond those found in the literature in that we consider spheres with a magnetic response. Due to the magnetic response considered, the generalized conductivity tensor (and thus the T-matrix operator) acquires a surface contribution in addition to a bulk contribution. We gave closed-form expressions for both, the surface and bulk contributions. We also analyzed two special cases from the general expressions for ← → ( → , → ): (i) the case when | → | = | → | = 0 , where 0 is the wavevector in vacuum, and we show its relation with the scattering matrix (S matrix), extending its application to cases when the incident field has a longitudinal component produced by external sources.
(ii) The second is the Rayleigh limit or small-particle limit, and we show how to obtain from ← → ( → , → ) the well-known expressions for the S matrix in this limit. Finally, we display some numerical results for the angular dependence of the scattering-matrix elements for spheres with and without an intrinsic magnetic response and also for the elements involving a longitudinal excitation.
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→ ( → ;̂) = 0 ∞ ∑ =1 2 + 1 ( + 1) ( → 1 ( , → ) + → 1 ( , → )) , (A.2) → ( → ;̂) = 0. (A.3) → ( → ;̂) = 2 − 2 0 2 − 2 → ( → ;̂) (A.4) → ( → ;̂) = 2 − 2 0 2 − 2 → ( → ;̂) (A.5) → ( → ;̂) = 0. (A.6) → ( → ;̂) = ∞ ∑ =1 − 2 + 1 ( + 1) ( → 1 ( , → ) − → 1 ( , → )) + 2 − 2 0 2 − 2 → ( → ;̂) (A.7) → ( → ;̂) = ∞ ∑ =1 (2 + 1) ( + 1) ( → 1 ( , → ) + → 1 ( , → )) + 2 − 2 0 2 − 2 → ( → ;̂) (A.8) → ( → ;̂) = ∞ ∑ =0 (2 + 1) −1 → 0 ( , → ) (A.9) → ( → ;̂) = 0 0 ∞ ∑ =1 2 + 1 ( + 1) ( → (3) 1 ( 0 , → ) − → (3) 1 ( 0 , → )) , (A.10) → ( → ;̂) = 0 0 ∞ ∑ =1 − (2 + 1) ( + 1) ( → (3) 1 ( 0 , → ) + → (3) 1 ( 0 , → )) , (A.11) → ( → ;̂) = 0. (A.12)
B. Some Far-Field Expressions
For → ∞ we have that
where if we neglect the terms by (1/ 2 ) and by the vector spherical harmonics definitions we find out that 
Also when → /2 and also when we have that /2 = , thus, (72)-(74) are reduced to
sin̂, (C.5)
Therefore substituting these results in (100)-(103) and when we need the vector spherical harmonics definitions for → , → in terms of → , → , → (75), (76), we obtain the expression for the nonlocal generalized conductivity tensor of the sphere, in the case of equal parallel components This expression is exact when we do not take into account the surface magnetization current upon the sphere (62); if we include this current given by (112) and also in this case, the spherical basis tends tô→̂, →̂,̂→̂, and using Eqs. and substituting the former results in (100)-(103) we get and of reference [1] . Some expressions that will be useful when comparing with the components of the scattering matrix are the case when = 0 ; in this case the transversal component is simplified as 
E. Small-Particle Limit
To lowest order in the parameter we have that [12, and we get the following results: 
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